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We discuss the computation of form factors for semi-leptonic decays of B-, Bs-mesons in lattice QCD. 
Considering in particular the example of the static Bs form factors we demonstrate that after non-
perturbative renormalization the continuum limit can be taken with conﬁdence. The resulting precision 
is of interest for extractions of Vub. The size of the corrections of order 1/mb is just estimated at present 
but it is expected that their inclusion does not pose signiﬁcant diﬃculties.
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Weak decays of B-mesons are a very important piece in the 
puzzle of understanding about how well the Standard Model of 
particle physics describes Nature. One relevant question concerns 
the determination of the Cabibbo–Kobayashi–Maskawa matrix el-
ement Vub from different decays. This fundamental parameter of 
the Standard Model is not known very precisely yet. Testing for 
consistent values provides a check of the Standard Model. In fact 
results extracted from inclusive decays agree with those from dif-
ferent exclusive decays, like B → πν or B → τν [1–3], only after 
stretching the presently estimated uncertainties by around a fac-
tor three. We avoid calling this a three-sigma tension since the 
uncertainties are largely systematic, coming from the theoretical 
computation of form factors in lattice QCD on one side and the 
perturbative treatment of inclusive decays on the other side. But 
also experimental uncertainties contribute.
In this letter we consider the determinations of semi-leptonic 
form factors for Bs-mesons from lattice QCD. A review with some 
discussion of the challenges involved is found in [4]. It appears that 
the most relevant challenge is the presence of a (large) mass scale 
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(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.mb ∼ 5 GeV. Together with inverse lattice spacings below 4 GeV
this distorts the continuum physics considerably in a straight ap-
plication of lattice QCD. We do not want to review here this issue 
in detail, but just mention that this leads one to consider effective 
ﬁeld theories for the b-quark or extrapolations in its mass, again 
guided by effective ﬁeld theory considerations. The most advanced 
computations [5–8], use either a relativistic heavy quark action 
or employ non-relativistic QCD on the lattice. There the challenge 
is twofold. First, a fully non-perturbative renormalization program 
for the heavy-light currents does not (yet) exist. It is replaced by 
“mostly non-perturbative” renormalization [9,10], where the fac-
tor Zhl/
√
Zhh Z ll is taken from 1-loop perturbation theory and this 
approximation is expected to be a good one [9,10]; alternatively 
straight 1-loop perturbation theory is used. Second, discretization
errors are estimated only by power-counting arguments because 
continuum limit extrapolations may involve a complicated func-
tional dependence on the lattice spacing. As a consequence we are 
not aware of the computation of a non-perturbatively renormalized 
heavy-light form factor extrapolated to the continuum.
In order to place the present work into context, let us brieﬂy 
list the steps which are necessary to come to a trustworthy result 
of interest to phenomenology:
a) obtain the ground state matrix elements 〈K|V μ(0)|Bs〉 that me-
diate the transition,er B.V. This is an open access article under the CC BY license 
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effective theory is used, relate them to QCD (“matching”),
c) take their continuum limit,
d) extrapolate to the quark masses realized in Nature,
e) map out the q2 dependence.
Here we demonstrate our solutions to a)–c). We are very brief 
about our speciﬁc choices in a), even though the extraction of 
the ground-state-to-ground-state matrix element which gives the 
leading form factor, h⊥ , is delicate since excited state contributions 
have signiﬁcant amplitudes. Details on this more technical but im-
portant issue are relegated to a companion paper [11]. Steps d)–e) 
will follow in due course.
We concentrate on the non-perturbative renormalization and 
the continuum limit albeit only in the leading order of Heavy 
Quark Effective Theory (HQET). We consider a single value of the 
momentum transfer and a single value of the light dynamical 
quark masses with only two degenerate dynamical ﬂavors. These 
restrictions mean that our computation does not immediately ad-
vance phenomenology, but since a continuum limit was not taken 
before we can see for the ﬁrst time how it works, and the result 
provides a cross check on the uncertainty estimates of previous 
computations. We will ﬁnd that with our discretization and with 
non-perturbative renormalization, the continuum limit (for Kaon 
momentum around 0.5 GeV) is smooth. Given that the inclusion 
of 1/mb effects in the systematic treatment of HQET [12] was 
not a severe problem (apart from a lot of work) in other quan-
tities [13–15] we are very encouraged to complete the started 
programme towards phenomenologically relevant results.
2. Form factors
We consider the decay Bs → Kν . Working at the leading order 
in the weak interactions, the transition amplitude factorizes into 
a straightforward leptonic amplitude and the QCD matrix element 
with the equivalent form-factor decompositions
〈K(pK)|V μ(0)|Bs(pBs)〉 =
=
(
pBs + pK −
m2Bs −m2K
q2
q
)μ
· f+(q2)
+ m
2
Bs
−m2K
q2
qμ · f0(q2)
=√2mBs[vμ · h‖(pK · v) + pμ⊥ · h⊥(pK · v)] . (2.1)
The last line, with
vμ = pμBs/mBs , p
μ
⊥ = pμK − (v · pK) vμ ,
deﬁnes the form factors, h‖ and h⊥ . The usual squared momentum 
transfer q2 = (q0)2 − q2, with qμ ≡ pμBs − p
μ
K , is here replaced by
pK · v =
m2Bs +m2K − q2
2mBs
, (2.2)
which at ﬁxed Kaon four-momentum pK is independent of the 
mass of the b-quark. This property, together with the factor 
(2mBs )
1/2 in (2.1), is convenient to discuss the behavior of the 
amplitude at large mass of the b-quark. It removes the mass-
dependence of the (standard) relativistic normalization
〈Bs(p′)|Bs(p)〉 = 2E(p)(2π)3δ(p −p′) of the state of the heavy me-
son. Since the current V μ(x) ≡ ψ¯u(x)γ μψb(x) translates into heavy 
quark effective (mass-independent) ﬁelds with only a logarithmi-
cally mass-dependent conversion function, the form factors h‖ and 
h⊥ scale only logarithmically with the mass in the limit of large 
b-quark mass.Choosing for the remainder of this letter the rest-frame of the 
Bs-meson with vμ = (1, 0, 0, 0) as a reference frame, the invariant 
kinematic variable is just pK · v = EK, the energy of the ﬁnal-state 
pseudo-scalar. Upon neglecting terms proportional to m2/m
2
Bs
and 
m2/q
2 (m being the mass of the ﬁnal-state lepton), the differential 
decay rate is then given by
d	(Bs → Kν)
dq2
= G
2
F
24π3
|Vub|2|pK|3[ f+(q2)]2 . (2.3)
A comparison of (2.3) with the experimentally measured rate al-
lows for a determination of |Vub| once the form factors are known. 
They need to be determined at a single value (or ideally in a range) 
of EK where overlap with experimental data exists.
In our frame (pBs = 0), the form factors are obtained from the 
(QCD) matrix elements
(2mBs)
−1/2〈K(pK)|V 0(0)|Bs〉 = h‖(EK) , (2.4)
(2mBs)
−1/2〈K(pK)|V k(0)|Bs〉 = pkKh⊥(EK) . (2.5)
With the above normalization, eq. (2.1), they have an HQET expan-
sion
h‖(EK) = CV0(Mb/
MS)hstat,RGI‖ (EK) · [1+O(1/mb)] , (2.6)
h⊥(EK) = CVk(Mb/
MS)hstat,RGI⊥ (EK) · [1+ O(1/mb)] (2.7)
without factors that involve a power of the quark mass. Rather the 
r.h.s. depend logarithmically on the mass of the heavy quark, due 
to the matching of HQET to QCD. In our notation,
V stat,RGI0,k = Z stat,RGIV0,k V stat0,k (2.8)
are the renormalization group invariant (RGI) operators in HQET, 
and the conversion functions Cx connect (the matrix elements of) 
V stat,RGI0 and V
stat,RGI
k to the ones in QCD, see [16,17].
The functions Cx are known with 2-loop matching (for short 
“2-loop”), i.e. up to α(mb)3 corrections in continuum perturbation 
theory [18–25]. We use them here with the RGI b-quark mass Mb
and the 
-parameter determined in the theory with two dynami-
cal ﬂavors [13,26], i.e. Mb/
MS = 21.2(1.2), where the uncertainty 
of 
 dominates. The conversion functions then evaluate to1
CV0(Mb/
MS) = 1.214(6)(13) , (2.9)
CVk(Mb/
MS) = 1.134(7)(47) , (2.10)
where the second quoted uncertainty is estimated as the difference 
between 2-loop and 1-loop. It is not entirely clear whether this is 
a conservative estimate of the perturbative error (see sect. 2.3 of 
[12]).
Let us clarify the difference to standard 1-loop renormalization 
of heavy-light form factors. We renormalize the HQET currents in 
(2.8) non-perturbatively, thus the continuum limit of their matrix 
elements is not affected by any perturbative uncertainty. Then, in 
the continuum, the factor Cx is known only perturbatively, but 
to one more power of αs than what is available for the total 
Zx = Cx × Z stat,RGIx in other approaches. Thus, even if we quote an 
uncertainty of up to ﬁve percent for the renormalization, this is 
an O(α3) uncertainty where usually it is O(α2). In the future the 
ALPHA collaboration will non-perturbatively match HQET and QCD 
[28] also for the vector currents [29]. One then obtains directly 
Zx = Cx × Z stat,RGIx with full non-perturbative precision.
We now proceed to the numerical evaluation of the mb-inde-
pendent RGI matrix elements hstat,RGIx , which are not affected by 
perturbative errors or ambiguities.
1 They are conveniently summarized in [27].
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3.1. Framework and renormalization
For our ﬁrst numerical investigation of the problem, we choose 
Nf = 2 ﬂavors of quarks. The prime reason for this choice is that in 
a related project, the non-perturbative matching of HQET to QCD 
for the currents V0, Vk is being carried out at the order 1/mb
[29–32]. Once this is complete, we will be able to include the 1/mb
corrections with little additional effort. For now, we remain at the 
lowest order of HQET, namely the static order.
The b-quark is then replaced by a static quark [33] labelled “h”. 
Two different discretizations, HYP1 and HYP2, are chosen [34]. 
These have moderate discretization errors and a much improved 
signal-to-noise ratio compared to the classic Eichten–Hill static 
quark action [33]. The bare currents
V stat0 = ψuγ0ψh + acV0(g0)ψ l
∑
l
←−∇ Sl γlψh, (3.1a)
V statk = ψuγkψh − acVk (g0)ψ l
∑
l
←−∇ Sl γlγkψh, (3.1b)
are form-identical to the ones in QCD, apart from the O(a) im-
provement terms (
←−∇ S denotes the symmetric covariant derivative 
acting on the ﬁeld to the left). The coeﬃcients,2 cV0 , cVk , are 
known to 1-loop order: cx = c(1)x g20 + O(g40) with [35]
HYP1: c(1)Vk = 0.0029(2) , c
(1)
V0
= 0.0223(6) (3.2a)
HYP2: c(1)Vk = 0.0518(2) , c
(1)
V0
= 0.0380(6) . (3.2b)
The multiplicative renormalization of the currents eq. (2.8) can be 
written as
V stat,RGI0 = Z stat,RGIA0 (g0)Z statV/A(g0)V stat0 , (3.3)
V stat,RGIk = Z stat,RGIA0 (g0)V statk , (3.4)
where we have made explicit that Z stat,RGIVk = Z
stat,RGI
A0
because V statk
renormalizes exactly as Astat0 due to the spin symmetry of HQET, 
while for V0 an extra factor Z statV/A(g0) originates from the broken 
chiral symmetry of Wilson fermions. We use the non-perturbative 
results
Z stat,RGIA0 (g0) = R(μ) Z statA (g0,aμ) (3.5)
with [36]
R(μ0) = 0.880(7) (3.6)
relating Astat0 , renormalized at scale μ0 = 1/Lmax in the Schröding-
er functional scheme, to the RGI operator. The factor R is known 
non-perturbatively by running to very high μ and continuum ex-
trapolation. In Table 1, the remaining piece Z statA (g0, aμ0) is re-
produced from [36]. For the ﬁnite renormalization Z statV/A we use a 
range
[Z statV/A(g0)]−1 = 0.97(3) . (3.7)
This range is generous, because Z statV/A has been seen to be very 
close to one in the quenched approximation [37], and at 1-loop or-
der, there is no Nf-dependence. Despite these arguments our range 
in (3.7) is no more than an educated guess. This is adequate since 
2 Spin symmetry leads to the identity cVk = cA0 . Ref. [35] uses the notation 
cstatA , c
stat
V for cA0 , cV0 .Table 1
Values for Z statA (g0, aμ0) × 0.880. At β = 5.2 they are taken directly from table 4 
of reference [36], at β = 5.3 they are obtained using the interpolating polynomial 
of equation (B.3) and table 9 of that reference and for the β = 5.5 numbers we 
performed a linear extrapolation of the ones at β = 5.29 and β = 5.4.
β cx = 0 cx = c(1)x g20
HYP1 HYP2 HYP1 HYP2
5.2 0.7104(5) 0.7920(5) 0.7007(5) 0.7432(5)
5.3 0.7057(27) 0.7839(26) 0.6965(27) 0.7376(25)
5.5 0.6901(27) 0.7597(26) 0.6820(26) 0.7218(24)
Table 2
Overview of the subset of Nf = 2 CLS ensembles on which we performed our mea-
surements. Lattice spacings are taken from [38], an update of [26]. All ensembles 
have T = 2L and mπ L ≥ 4 where mπ is the pion mass. Ncfg denotes the number 
of conﬁgurations on which we performed measurements. The hopping parameter 
of the strange quark is denoted by κs . The angle θ appears in the ﬂavor-twisted 
boundary conditions, as explained in the text.
id β L/a a [fm] mπ [MeV] Ncfg κs θ/(2π)
A5 5.2 32 0.0749(8) 330 1000 0.13535 0.034
F6 5.3 48 0.0652(6) 310 300 0.13579 0.350
N6 5.5 48 0.0483(4) 340 300 0.13631 0
Z statV/A affects only one of the 1/mb suppressed terms, which we 
just use as an illustration of the associated uncertainty. Again, we 
note that such issues will be eliminated when the non-perturbative 
matching is carried out.
3.2. Simulation parameters
We base our investigation on a subset of the lattice gauge ﬁeld 
conﬁgurations with two degenerate ﬂavors of improved Wilson 
fermions and Wilson gauge action generated by the Coordinated 
Lattice Simulations (CLS) effort [26]. The observables are computed 
on three ensembles, namely A5, F6 and N6, chosen to have roughly 
the same pion mass but three different lattice spacings, see Ta-
ble 2. The quoted lattice spacings were determined from the Kaon 
decay constant fK in reference [26] and updated in reference [38].
Our choice of the gauge ﬁeld ensembles ﬁxes the degenerate 
up and down quark masses, ml . For the spectator strange (valence) 
quark mass we are free, however, to choose any smooth function 
ms(ml) which passes through the physical point. As in [26] we de-
ﬁne this function by ﬁxing the Kaon mass in units of the Kaon 
decay constant to its physical value at our (and any) value of ml . 
We expect that this will lead to a ﬂat extrapolation to the physical 
value of ml , the “physical point”.
We choose |pK| = 0.535 GeV which corresponds to the mini-
mum available momentum with periodic boundary conditions for 
all ﬁelds on the N6 lattice. On the other lattices we keep pK =
(1, 0, 0) (2π + θ)/L ﬁxed by introducing ﬂavor-twisted boundary 
conditions [39] ψs(x + L1ˆ) = eiθψs(x), for the strange quark. The 
Bs-meson is kept at rest by ψh(x + L1ˆ) = eiθψh(x), and we remain 
with periodic boundary conditions for all other ﬁelds. The numer-
ical values for θ are listed in Table 2. Our choice of pK yields a 
central value of q2 = 21.22 GeV2 at all lattice spacings and an er-
ror coming from the lattice spacing of 0.03–0.05 GeV2. Note that 
the ﬂavor-twist is introduced only for quenched quarks.
3.3. Correlation functions and matrix elements
We work with all-to-all light quark propagators [40,41] imple-
mented by a random U(1) source placed on each time slice (“full 
time dilution” [42]). While this is numerically costly, it signiﬁcantly 
reduces the large-time variance. Together with the deﬂated solver 
[43–45] that we use, it is thus very cost effective. Most notably, 
476 ALPHA Collaboration / Physics Letters B 757 (2016) 473–479Fig. 1. Effective energy of CK (left) and CBs (right) on ensemble N6. Note that both panels have equal ranges on the corresponding axes. One can identify reasonable plateaus 
with small errors even though the Kaon carries a non-vanishing momentum and we have a static Bs-meson. The value for the ground state energy as obtained from a 
two-exponential ﬁt is shown as a red band. Uncertainties shown here are only those of Estat and EK in lattice units, not the ones of mbare and the lattice spacing. The data 
points are shown for the case of maximum smearing, while the ﬁt involves all the smearing levels.this feature of our computation provides access to all time sepa-
rations of two-point and three-point functions on our lattices. For 
details we refer to [11].
The two-point functions are deﬁned as
CK(y0 − x0) =
∑
y,x
e− i p·(y−x)〈Psu(y)Pus(x)〉, (3.8)
CBsi j (y0 − x0) =
∑
y,x
〈P (i)sb (y)P ( j)bs (x)〉, (3.9)
with the pseudoscalar density P (i)q1q2 (x) = ψq1 (x)γ5ψq2 (x). Indices i
and j denote the use of different Gaussian wave functions for the 
light quarks with a set of smearing parameters as in [13]. Up to 
terms which are exponentially suppressed in the time extent T of 
the torus, we can parameterize CK, CBs as
CK(tK) tKa∼
∑
n
(
κ(n)
)2
e−E
(n)
K tK ≈ (κ(0))2 e−E(0)K tK , (3.10)
CBsi j (tBs)
tBsa∼
∑
n
β
(n)
i β
(n)
j e
−E(n)Bs tBs ≈
N∑
n=0
β
(n)
i β
(n)
j e
−E(n)Bs tBs , (3.11)
where we have denoted amplitudes by κ(n) = L3/2(2EK)−1/2 ×
〈0|Pus(0)|K, n〉 and β(n)i = L3/2(2EBs )−1/2〈0|P (i)sb (0)|Bs, n〉, while en-
ergies are labelled E(n)K , E
(n)
Bs
. The restrictions tx  a are required 
because we use an improved action where the positivity of the 
transfer matrix is not guaranteed. In a ﬁt to these correlation func-
tions, we use t-ranges denoted by tK2min ≤ tK ≤ tK2max and tB2min ≤ tBs ≤
tB2max, respectively, and N is the number of excited Bs-meson states 
which we include. Note that we have restricted ourselves here to 
only the ground state of the Kaon. There is a single, ﬁxed, smearing 
level for the Kaon. In the Kaon two-point function, ground-state 
dominance sets in at around 1.2 fm, while for the Bs-meson this 
happens a bit earlier for our optimal (widest) Gaussian wave func-
tion. An illustration is found in Fig. 1, which also shows that a 
reasonably good precision is reached; plateaus are also clearly vis-
ible at the larger lattice spacings.
The three-point function
CBs→Kμ, j (x0f − x0v , x0v − x0i )
=
∑
x f ,xv ,xi
e− i p·(x f −xv )〈Psu(x f )V μ(xv)P ( j)bs (xi)〉 (3.12)
has a representationCBs→Kμ,i (tK, tBs)
tK,tBsa∼
∑
m
∑
n
κ(m)ϕ
(m,n)
μ β
(n)
i e
−E(m)K tK e−E
(n)
Bs
tBs
≈
N∑
n=0
κ(0)ϕ
(0,n)
μ β
(n)
i e
−E(0)K tK e−E
(n)
Bs
tBs . (3.13)
We perform a simultaneous ﬁt to CK, CBsi j , and CBs→Kμ,i . For the latter 
we consider (tK, tBs)-values restricted to the rectangle with t
K3
min ≤
tK ≤ tK3max,μ and tB3min ≤ tBs ≤ tB3max,μ .
The desired form factors are given by the ground-state matrix 
elements
hstat,bare‖ = ϕ(0,0)0
√
2EK , (3.14a)
hstat,bare⊥ =
ϕ
(0,0)
k
pkK
√
2EK . (3.14b)
Their extraction from the data is rather delicate because statistical 
errors grow with time separations. Due to our all-to-all compu-
tation and the use of HYP1, HYP2 discretizations, we still have a 
precision of better than two percent for tK  2 fm and tBs  1.5 fm
in the two-point functions; for the three-point function it drops 
below the two-percent level at around tK + tBs ≈ 2 fm (in the 
ﬁtting region). However, we ﬁnd that N = 2 excited states are nec-
essary in our ﬁts to obtain a good description of the data and, 
in particular, a safe extraction of the most important form factor 
ϕ
(0,0)
k .
To determine the reliability of the ﬁts, we vary the boundaries 
tB2min, t
K3
min, and t
B3
min of the ﬁt ranges and verify that the ﬁt results 
remain unchanged within errors. As an example, Fig. 2 shows the 
dependence of the ﬁt results for ϕ(0,0)0 and ϕ
(0,0)
k on t
K3
min and t
B3
min
(keeping tB3min − tB2min = 5a ﬁxed). The other boundaries are chosen 
to suppress the effects of excited Kaon states (tK2min), of noise (t
B2
max), 
and of the ﬁnite time extent T . The latter two criteria considerably 
constrain our choice of tK3max,μ and t
B3
max,μ .
Table 3 lists the ﬁt ranges which we used for the HYP2 data. 
The bare ground-state matrix elements are shown in Table 4. Fur-
ther details will be described in [11].
3.4. Continuum limits
The bare form factors, renormalized as explained in Sect. 3.1, 
yield the RGI form factors listed in Table 5. Their errors take 
account of all statistical correlations and autocorrelations as de-
scribed in [13] based on [46,47]. For these non-perturbatively 
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(0,0)
k (right) on ensemble N6 with respect to variations of t
B3
min/a (different groups) and of t
K3
min/a = 11 . . .19 (within 
the groups). In each panel, the value used to determine the bare form factor is marked with a ﬁlled square.
Table 3
Ranges of tK and tBs (in fm) as used in our ﬁts to HYP2 data.
β tK2min t
K2
max t
B2
min t
B2
max t
K3
min t
K3
max,0 t
K3
max,1 t
B3
min t
B3
max,0 t
B3
max,1
5.2 1.27 2.32 0.45 2.55 0.82 1.35 1.05 0.67 1.57 1.35
5.3 1.43 3.06 0.46 2.54 0.84 1.82 1.82 0.65 1.62 1.50
5.5 1.34 2.26 0.43 2.11 0.82 1.34 1.06 0.67 1.34 1.44Table 4
Unrenormalized form factors hstat,bare‖ , h
stat,bare
⊥ for the speciﬁed discretizations.
β cx = 0 cx = c(1)x g20
HYP1 HYP2 HYP1 HYP2
hstat,bare‖ [GeV
1/2] 5.2 1.38(3) 1.34(3) 1.38(3) 1.34(3)
5.3 1.42(4) 1.35(3) 1.42(4) 1.35(3)
5.5 1.40(3) 1.34(2) 1.40(3) 1.34(2)
hstat,bare⊥ [GeV
−1/2] 5.2 1.46(6) 1.33(6) 1.47(7) 1.39(6)
5.3 1.48(9) 1.35(8) 1.50(9) 1.40(8)
5.5 1.37(4) 1.25(3) 1.39(4) 1.31(3)
Table 5
Renormalized form factors hstat,RGI‖ , h
stat,RGI
⊥ and their continuum limits. The last line 
gives the conventional combination of form factors, f+ .
β cx = 0 cx = c(1)x g20
HYP1 HYP2 HYP1 HYP2
hstat,RGI‖ [GeV
1/2] 5.2 1.01(4) 1.10(4) 1.00(4) 1.03(4)
5.3 1.03(5) 1.09(4) 1.02(4) 1.03(4)
5.5 0.99(4) 1.05(4) 0.98(4) 1.00(4)
continuum 0.98(5) 1.02(5) 0.97(5) 0.98(5)
hstat,RGI⊥ [GeV
−1/2] 5.2 1.04(5) 1.05(5) 1.03(5) 1.04(5)
5.3 1.05(7) 1.06(6) 1.04(6) 1.04(6)
5.5 0.95(3) 0.95(3) 0.95(3) 0.94(3)
continuum 0.88(5) 0.88(5) 0.88(5) 0.87(5)
f˜+,1 1.78(8) 1.79(8) 1.78(8) 1.76(8)
renormalized form factors (at ﬁxed squared momentum trans-
fer q2, or Kaon energy pK · v) the continuum limit can now be 
taken.
Fig. 3 shows the dependence of the results on the lattice spac-
ing and the continuum extrapolation for the two discretizations
(HYP1 and HYP2). As our best result we estimate the continuum 
limit by a linear extrapolation in a2 of the data with cx = c(1)x g20 , 
as illustrated in the ﬁgure.
For h‖ a simple constant extrapolation (a weighted average) 
yields compatible results, but of course with much smaller error 
bars. Since there is no reason, why a2 effects should be entirely 
absent, we use the numbers with the larger error bars.It seems not critical that we know the O(a) improvement co-
eﬃcients of the currents only in 1-loop perturbation theory. These 
coeﬃcients are not very relevant at the level of precision of our 
data.3
Finally we combine the continuum limits of HYP1 and HYP2 in 
a weighted average,
hstat,RGI‖ = 0.976(41) GeV1/2, (3.15a)
hstat,RGI⊥ = 0.876(43) GeV−1/2 . (3.15b)
3.5. The form factors f+ and f0 , and a comparison to other results
We now have different options to estimate the form factor f+ . 
Working only at static order, we can use any quantity f˜+,i with
f+ = f˜+,i · [1+ O(1/mb)] , (3.16)
and we consider (dropping the argument of CV0 , CVk )
f˜+,1 =
√
mBs/2
(
(1− EK
mBs
)CVk h
stat,RGI
⊥ (EK)
+ 1
mBs
CV0 h
stat,RGI
‖ (EK)
)
, (3.17a)
f˜+,2 =
√
mBs/2CVk h
stat,RGI
⊥ (EK) . (3.17b)
In f˜+,1 all known terms and kinematical factors are taken into ac-
count, despite the fact that the form factors h‖ and h⊥ contain 
further 1/mb suppressed contributions which we do not control, 
while in f˜+,2 we systematically drop all 1/mb suppressed contri-
butions. Numerically we have (combined HYP1/2)
f˜+,1 = 1.77(7)(7) , (3.18a)
f˜+,2 = 1.63(8)(6) , (3.18b)
where the second errors are the ones from the perturbative uncer-
tainty in (2.9) and (2.10).
3 The reader should not be confused by the fact that bare numbers may depend 
signiﬁcantly on cx; discretization errors have to be assessed after renormalization.
478 ALPHA Collaboration / Physics Letters B 757 (2016) 473–479Fig. 3. Results for hstat,RGI‖ (left) and h
stat,RGI
⊥ (right) with 1-loop O(a) improvement coeﬃcients. Data for actions HYP1/2 are separated slightly in a2 for better visibility. The 
lines show continuum extrapolations linear in a2.Of course one could also include in (3.17b) the exactly known 
kinematical prefactor of h⊥ via f˜+,3 = (1 − EK/mBs ) f˜+,2 = 0.864 ×
f˜+,2. Such ∼ 15% uncertainties/ambiguities will be reduced to 
1%–2% when we include all 1/mb terms.
In order to give a single number, we estimate the O(1/mb)
terms in this way and quote
f+(21.22GeV2) = f˜+,2 ± 0.15 f˜+,2 = 1.63(8)(6) ± 0.24 . (3.19)
Besides f+ it is common in the literature to report results for 
the scalar form factor f0, which is another linear combination of 
h⊥ and h‖ . To estimate its value, we use
f˜0 =
√
2/mBs
1−m2K/m2Bs
((
1− EK
mBs
)
CV0 h
stat,RGI
‖ (EK)
+ p
2
K
mBs
CVk h
stat,RGI
⊥ (EK)
)
, (3.20)
where, analogous to f˜+,1, all known kinematic O(1/mb) terms are 
included. Our (combined HYP1/2) result is
f˜0 = 0.66(3)(1) . (3.21)
Our results, eq. (3.19) and eq. (3.21), compare rather well with 
other values of the form factors in the literature. The result of 
Flynn et al. [6], extracted at our value of q2, is f+ ≈ 1.65(10) and 
f0 ≈ 0.62(5), while Bouchard et al. [7] have f+ ≈ 1.80(20) and 
f0 ≈ 0.66(5). As should be clear, our estimates have a systematic 
error of a completely different nature. While we focused our effort 
on taking the continuum limit of non-perturbatively renormalized 
matrix elements at a ﬁxed Kaon momentum, we have so far ne-
glected the dependence on the light-quark mass which – according 
to [6,7] – is below our errors.
4. Conclusion and outlook
For the ﬁrst time we have been able to perform a study of the 
continuum limit of fully non-perturbatively renormalized form fac-
tors. They are computed at a ﬁxed squared momentum transfer 
q2 = 21.22 GeV2, and we have concentrated on the leading-order 
form factors in 1/mb. In RGI form these are unambiguous. Our 
main result is contained in Fig. 3. It shows that the continuum 
limit at a Kaon momentum of 1/2 GeV is smooth. This behavior
of the discretization errors for matrix elements with a momentum 
of this size is not obvious a priori and linked to our choice of ac-
tions; a generalization is at most possible at a rather qualitative 
level. With this encouraging result, we may consider also some-
what larger momenta in the future.Our numbers in eq. (3.19) and eq. (3.21) provide a positive 
cross-check of [6,7]. Already now, they thus strengthen our conﬁ-
dence in the form factors extracted on the lattice and summarized 
in [4], but they will be of a more direct phenomenological in-
terest when the 1/mb terms are included and the errors shrink 
accordingly. At that point we also have to carefully consider the 
extrapolation to the physical light quark masses and ﬁnally more 
than one value of the Kaon momentum will be desirable. As a bot-
tom line, the study presented here suggests that all this is possible 
with a precision which is of interest for an extraction of Vub from 
experimental decay rates.
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